STAT 821 HOMEWORK 4  SOLUTION

Question 1
Proof:  X1,...,X, < U®B-10+1)
Let V; = X;— 60+ 1 i=1,...,n, then Yi,....Y, % U(0,1) and
Yoy =Xa) =0+ 3, Yy = X(m) = 0 + 3.

It’s known that Y(;) ~ Beta(1,n) and Y(,,) ~ Beta(n,1). Thus
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E(Xw) = X)) = EXm —Yo) =
n—1
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, then the distribution of X,y — X(1) does not depend on 6.

E(h(I))=0 V¥
However, P(h(I) = 0) # 1, so T(X) = (X(1), X()) is not complete.

Question 2

f(z,y) has continuous partial derivatives of the first and second order

on RZ.
2 0
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2z
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det(H(f(z,y))) = 4 > 0 and the matrix is diagonal with positive
diagonal elements. Thus H(f(z,y)) is positive definite and f(z,y) is
convex. At point (1,0), the support hyperplane L(X) is

) H(f(z,y)) =

Vi(z,y) = (

L(X) = f(1,0)+Vf(1,0) (<z,y>—<1,0>)
= 1+ <2,0><2x—-1,y>
= 2x-—1



Question 3

Proof:  First show —I(w) is convex.

—l(w) = Z log[1 + exp(—yiw’ z;)]
i=1
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H(-l(w)) = : :
(—yi)?zi @i, exp(—yiw’ z;) (—yiwir)? exp(—yiw’ z;)
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H(—l(w)) is positive definite since z;z} is positive definite and hence

—l(w) is strictly convex.

Let
f(wo) = —l(wo) = —m
be the minimum and wy denote MLE. Suppose 3 w; s.t.
flwr) = f(wg) =—m and wy # wy
ThenV0<r<1,
rf(wo) + (L —r)f(wi) > flrwo + (1 —r)wr)
by convexity of —I(w). In other words,

—m > f(rwo + (1 —r)wy)

This is an contradiction to the fact that —m is the minimum of f(w).
Thus MLE is unique.



Question 4

Proof:

Erlh(z)] = / h(z) dF

h(z)
- [ [ dear
0

h(x)
= / / dF dt
0 {z€R*:h(z)>t}

_ /Oo Flh(z) > t) dt
0

Similarly .
Eg[h(x)] = /0 G(h(x) > t)dt

We have
Eg[h(x)] — Ep[h(z)]
- /O G(h(z) > t) — F(h(z) > #)] dt

_ /000[1 ~G(h(z) < 1)) — [1 - F(h(z) < )] dt

_ /OOO[F(h(x) <t)~ Gh(x) <t)]dt>0 (%)

Notice that the set H = {z : h(x) < t} is a convex set. This is because
Ve,ye H

h(re — (1 —r)y) <rh(x) + (1 —r)h(y) <t

Sorz+ (1—r)y € H.

Thus, (*) implies there is a convex set A € R¥, with 0 € As.t. Yty € A,
F(h(x) <tp) — G(h(x) <tyg) >0
= F(A) > G(A) forsuch A

Question 5



_ a—1,l-«
S

—z%(1—a)y™

a—1, —«

B —a(a— 1)z 2yl=*  —a(l — o)z ty=@
H(i(@y) = < —a(l —a)z* 'y a(l —a)zy—a—1 >

det(H) = a?(1 - a)2e® 22 — a?(1 - a)%® 2y 2 = 0
tr(H) = a(l — @)z 2y 2 + 4% > 0
The eigenvalue \'s are the roots of the equation
A2 — Mr(H) + det(H) = 0
= MA—tr(H))=0
= A=0 or A=tr(H)>0

Both of the roots are non-negative and hence the Hessian matrix is

positive semidefinite.
= f(z,y) = —xyt Vi<a<l
is convex on {(z,y) € R*: 2 > 0,y > 0}.
Use Jensen’s Inequality
E(f(x)) > f(E(x)))
for convex f(-). Here we have

flz,y)=—2%'"* Vo<a<l
So
E[-a2%y'"*] > —(EX)*(EY)"*

l.e.

B(XY1™) < (EX)*(EY)l™



(c) We first show that the natural parameter space

©={n: /exp(n’T)du < oo}

1S convex.

Suppose n1,1m2 € © and for 0 <r <1

[ expleniT + (1= vy di
x E[(en’lT)r(en’QT)lfr]
< [E(eniT)r(EenéT)l—r]

x < / exp(mT) du>r < / exp(57) du>1_r

< 0 since 11,12 € ©

Therefore rn; + (1 — r)ne € © and hence © is convex.
A(n) is defined on a convex set © since Cov(T) = A(n) and Cov(T) is

positive semidefinite. Thus A(n) is a convex function on O.



